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ABSTRACT. We consider algebras defined from quivers with relations that are fe-th order derivations of a superpotential, 
generalizing results of Dubois-Violette to the quiver case. We give a construction compatible with Morita equivalence, and 
show that many important algebras arise in this way, including McKay correspondence algebras for GL n for all n, and 
four-dimensional Sklyanin algebras. More generally, we show that any A^-Koszul, (twisted) Calabi-Yau algebra must have 
a (twisted) superpotential, and construct its minimal resolution in terms of derivations of the (twisted) superpotential. This 
yields an equivalence between Af-Koszul twisted Calabi-Yau algebras A and algebras defined by a superpotential uj such that 
an associated complex is a bimodule resolution of A. Finally, we apply these results to give a description of the moduli space 
of four-dimensional Sklyanin algebras using the Weil representation of SI_2(Z/4). 



1. Introduction 

Let Q be a quiver (with set of edges also denoted by Q), and CQ its path algebra. This means that Q is an 
oriented graph, and CQ is the algebra with C-linear basis given by paths in the graph, with multiplication given by 
concatenation of paths (setting p ■ q = if p and q cannot be concatenated). 

If p and q are paths we define the partial derivative of q with respect to p as 



d p q 



if q = pr, 
otherwise. 



We can extend this operation linearly to get a map d p : CQ — > CQ. Note that if p — e is a trivial path (i.e. a vertex) 
then taking the derivative is the same as multiplication on the left: d e q = eq. 

Similarly to [14, 15], we define the derivation-quotient algebra of ui £ CQ of order k as the path algebra modulo 
the derivatives of uj by paths with length k: 

(1.1) V(u,k):=CQ/(d p u',\p\ = k). 

We are particularly interested in ui which are super-cyclically symmetric, i.e., are a sum of elements of the form 

n 

(1.2) ^2(-l) ( - i - 1 ^ n+ ^a i a i+1 ---a n a 1 a 2 ---a i - 1 , a t eQ. 

i=i 

Such u> will be called superpotentials. We will also consider twisted superpotentials. These are elements in (CQ) n 
that are invariant under the C-linear map 

(1.3) ai • • • a n h-> (—l) n ~ 1 a(a n )ai ■ ■ ■ a n -i- 

where a is a C-algebra automorphism of CQ which fixes the trace function CQ -» C — > C. (If a is trivial one recovers 
the notion of a superpotential. We need twisted superpotentials to address the McKay correspondence for GL n , as 
opposed to SL„.) 

For the case fc = 1 in (1.1), algebras defined by superpotentials have been greatly studied. Examples include 
3-dimensional Sklyanin algebras [2], algebras coming from the 3-dimensional McKay correspondence [17, 11], and 
algebras derived from exceptional collections on Calabi-Yau varieties [3]. The fact that all these algebras have a 
superpotential can be traced back to a common homological property: the Calabi-Yau property. In one of its forms, 
this property states that an algebra is CY-n if it has a resolution V* as bimodule over itself that is self-dual: 

(1.4) Uom A - A (V,A® c A)^V n —. 
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Similarly, one has the twisted Calabi- Yau property, where the resolution is self-dual to a twist of itself by an automor- 
phism a of A: 



where A a is the bimodule obtained from A by twisting the right multiplication by a (a ■ x ■ b = axa(b), for x e A a , 
a, be A). 

It is known that graded 3-dimensional Calabi- Yau algebras always derive from a superpotential [8], i.e., are of the 
form (1.1) with k = 1. Also, in [17, Theorem 3.6.4], a wide class of Calabi-Yau algebras of any dimension are shown 
to arise from a much more general type of superpotential. 

In [14, 15], in the one-vertex case (working over a field), these results were generalized to higher-order derivations. 
In particular, [15, Theorem 11] implies that any AS-Gorenstein algebra over a field which is also Koszul is equal to 
T>(uj,k) for some uj, k (more generally, this is shown replacing Koszul with A^-Koszul, a generalization to the case of 
algebras is presented by homogeneous relations of degree N rather than two [4]). We recall that a graded algebra over 
a field k is AS-Gorenstein if 



It is clear by extending the proof of proposition 4.3 in [7] that graded twisted Calabi-Yau algebras over a field are 
AS-Gorenstein. In the other direction, the result of Dubois-Violette implies that, in the Koszul case, AS-Gorenstein 
algebras are twisted Calabi-Yau. If we work over a general semisimple algebra S instead of k, then the same relation 
holds between twisted Calabi-Yau and the AS-Gorenstein property with k replaced by S. In this paper, we will 
therefore use the twisted Calabi-Yau condition. 

One of the main goals of this paper is to generalize [15] to the several-vertex case. Precisely, we give a Morita- 
invariant construction of algebras T>(ui, k) over any semisimple C-algebra (§2). Using this, we show that algebras 
which occur in the higher-dimensional McKay correspondence also derive from a superpotential (§3). We give a 
method to compute the superpotential for the path algebra with relations which is Morita equivalent to C[V]#G and 
illustrate this with some examples. These results generalize those of Crawley-Boevey and Holland [13] [12] and 
Ginzburg [17] in the cases G = GL 2 , GL 3 . We then prove (§6) that any A^-Koszul, (twisted) Calabi-Yau algebra over 
a semisimple algebra is of the form T>(uj, k), where w is a (twisted) superpotential. This last theorem generalizes [15, 
Theorem 11] to the quiver case, and gives another proof of the fact that McKay correspondence algebras are given 
by a (twisted) superpotential. More generally, we show that A^-Koszul twisted Calabi-Yau algebras are equivalent to 
algebras A — T>(co, k) such that an associated complex (6.1) yields a bimodule resolution of A. 

We end by illustrating this theorem in the case of Sklyanin algebras of dimension 4 (§7), which was the main 
motivating example behind Section 6. We give a formula for the superpotential (which was done in [15, §6.4], see also 
[14], in different language and over R). In §7.0.1, we describe the twisted superpotentials associated to the algebras 
from [25] related to the Sklyanin algebras. We explain that the Sklyanin McKay-correspondence algebras involve 
subgroups of the Heisenberg group over Z/4. 

As an application of our results, we give a simple representation-theoretic computation of the moduli space of 
Sklyanin algebras of dimension 4 (Theorem 7.9). This description involves considering the projective space of super- 
potentials. Since the automorphism group of a generic Sklyanin is a form of the Heisenberg group over Z/4 equipped 
with the Heisenberg representation (which is uniquely determined by the action of its center), we are able to find a 
version of the Weil representation acting on superpotentials. Pulling this back, we obtain a description of the moduli 
space in terms of the original parameters for the Sklyanin algebras. 

We remark that, while it is probably possible to obtain this result using the geometry associated to Sklyanin algebras 
(an elliptic curve and a point of that curve), and our result can also be deduced from, e.g., [10, Proposition 3.1, §9], it is 
interesting that the theorem follows purely from representation-theoretic consequences of the action of the Heisenberg 
group by automorphisms on the Sklyanin algebra. 

1.1. Acknowledgements. We thank M. Dubois-Violette for kindly pointing out to us his paper [15] and other refer- 
ences, for suggesting to consider A^-Koszulity, and answering many questions. We also thank R. Hadani for useful 
discussions about the Weil representation. The second and third authors would like to thank the University of Antwerp 
for hospitality while part of this work was done. 
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2. Coordinate-free potentials 



In this section we formulate potentials, derivations, and T>(w, k) in a categorical way for a tensor algebra over a 
semisimple algebra. 

2.1. Duals, Duals, Duals... Let S be a finite-dimensional semisimple algebra over C and let V be an S-bimodule. 
There are at least 4 distinct way to construct a dual bimodule to V: 

• The space of linear morphisms to C: V* := Homc(V, C) with bimodule action is (siipS2)(w) = ipfawsi). 

• The space of right-module morphisms to S: V* R := HoniMods(V, S) with bimodule action is (sii()S2)(w) = 

Si1p(S2W). 

• The space of left-module morphisms to S: V* L :— Hom s _ Mod (V, S) with bimodule action is (si-ips 2 )(w) = 
ip(ws 1 )s 2 . 

• The space of bimodule morphisms to S ®c S: V* B := Hom B i mo d s{V, S ®C S). Using Sweedler notation, 
we write ip e V* B as ipi ® -02, with bimodule action (siV>S2)i(w) (g> (s\ipS2)2(w) = tpi(w)s2 ® S\ip2{w)- 

These duals extend all to 4 contravariant functors *, *R, *L, *B : Bimod S — > Bimod S*. All these different construc- 
tions are not canonically isomorphic in the category of 5-bimodules, so in order to identify them we need an extra 
datum. This extra datum is a nondegenerate trace function on S. This function Tr : S — > C allows us define natural 
isomorphisms L, R, B from the complex dual to the the 3 other duals by demanding that for tp e V* 

Vw eV :ip(w) = Tri?V(w) = TvLip{w) = Tr(( J B^)i(w))Tr(( J B7/-) 2 (w)). 

Moreover, these identifications are compatible with Morita equivalence: if e e S is an idempotent such that SeS = S, 
then the trace on S restricts to a nondegenerate trace on eSe. The images of the identification maps under the Morita 
equivalence M. : Bimod S — ► Bimod eSe are precisely the identification maps of the restricted trace. 

From now on we will fix a trace on S and omit the functors. For e V* and w € V, we will denote the canonical 
pairing by 

[tpw] = [wtjj] = tp(w). 

This yields S'-bimodule morphisms [] : V* <8>s V — > S and [] : V ®s V* ^> S called the evaluation maps. The 
duals of these maps are called the coe valuation maps: 

coev fi : S (g> s V* and coev L : S — > V* ® s V 

Ve will write the image of 1 under the coevaluation as formally as 

coev fl (l) = x ®s x* and coev L (l) = ^ x* ®g x 

Rx Lx 

These elements satisfy the following standard evaluation-coevaluation identities: 

i?x La; 

Vw E V : u = ^ x[x*u] = 

Rx Lx 

The bracket notation can be extended to tensor products of V and V* to obtain maps [] : V*® k x V® 1 — > T/®'-' 
(for Z > fc) such that 

[01 <£> • • • <g> 0fc tOi <g> • • • <£> lOj] = [01 [02 • ■ • [0fcWl] • • ■ Wk-l]Wk] ■ Wfc+1 ® • • • ® MJj, 

and similarly [] : V® 1 x V*® k — > |/®'- fc . If — / we end up with an element in S and we can take the trace to 
obtain a pairing (, ) between V*® k and V"® . For k > I, we may replace the image y®'~ fe by These satisfy 

associativity identities, e.g., [(0 <g> ip)x] = [4>[i>x]] and [[4>x]ip] = [0[x?/>]] if ^ € y*' 8 ' , e V"®' and x € U®" with 
n > k + I. 
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2.2. Potentials. A weak potential of degree n is an element of degree n in the tensor algebra TsV that commutes 
with the S-action: 

uo e V® n such that Vs e 5 : sw = ws. 
A weak potential is called a superpotential if 

Let r be a graded C-algebra automorphism of TsV that keeps the trace invariant. This gives us an automorphism 
of S as a C-algebra, and we can define for any bimodule M the left twist T M to be the vector space M equipped 
with the bimodule action Si • x ■ s 2 ■= s[xs 2 - The right twist M T is defined analogously. We obtain isomorphisms 
T -iS = S T , T -iV = V T using t, and T -iV* = (V*) T using t*. 

We then define a twisted weak potential of degree n to be an element 

uo e y®" such that VseS: s T w = ws. 
A twisted superpotential is an element u satisfying 

VtpeV* : W'uj] = (-l) n_1 [w^]. 
For every (twisted) weak potential u> and every k, we can define a bimodule morphism 

A£ : (^ fe )* ®S T ^ V® n ~ k : ^ ® x -» [^4 
We will denote the image of A£ by VK„_ fe C y®"- fe . 

Definition 2.1. We define the derivation-quotient algebra of u of order k to be the path algebra modulo the ideal 
generated by the S'-bimodule W n -k- 

V(w,k) := CQ/(ImA£) = CQ/(W n - k ). 
Here, (M) stands for the smallest two-sided ideal containing M. 

2.3. Path Algebras and Quivers. Let us look at all these concepts in case of a path algebra of a quiver. A quiver Q 
consists of a set of vertices Qo a set of arrows Q\ and two maps h,t : Qi — > Qo assigning to every arrow its head 
and tail. We define S = C Qo where the vertices form a basis of idempotents, we equip it with a trace Tr such that 
all vertices have trace 1. We construct the S'-bimodule V = C^ 1 such that for every arrow a we have the identity 
a = h(a)at(a). The path algebra can now be seen as CQ :— TsV. Note that with this notation, the composition of 
the arrows is given by 

, a b 

ab =^^- . 

The basis {a} gives us a dual basis {a*} for V* , and these bases can be tensored to get dual basis for the space of 
(co)paths of length k: CQk — V® k and V*® k . The brackets have the following form: 

(a*,b) = S ab , [a*b] = S ab t(b), and [ba*] = S ab h(b). 
More generally, if p, q are paths, then we obtain that bracketing corresponds to taking partial derivatives: 

d P q = \p*q]. 

A weak potential is an element in CQk that consists only of closed paths (i.e. h(p) — t(p)) and A£ corresponds to the 
map (CQk)* — ► CQd-k ■ P* — * d p u. It is a superpotential if [a*u] = (— l)" -1 [wa*] which is the same as saying that 
u) = (— l) n ~ 1 u>, where Q denotes the cyclic shift: a\ . 7. a n = a n a\ . . . a n -\. 

If t is an automorphism of CQ then a twisted weak potential consist of a linear combination of paths p that 
satisfy h(p) = r{t(p)). It is a twisted superpotential if [a T *aj] = (— l) n_1 [cja*] which is the same as saying that 
uo T = (— l)" _1 cij, where u T is the twisted cyclic shift: ai . 7. a„ T = a T n a\ . . . a n -\- 
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2.4. Morita Equivalence. The new formulation has the advantage that it is compatible with standard Morita equiva- 
lence: 

Lemma 2.2. Let e e S be an idempotent such that SeS — S. If M C T$V is an S-bimodule then there is a Morita 
equivalence between A = T$V/ (M) and 

T eSe eVe/(eMe) 

and ifui is a ( twisted) weak potential and e T — e then we have that 

eT>(uj, k)e = 2? (ewe, k) 
Proof. By standard Morita equivalence between S and eSe, we have a functor 

T : Bimod S — > Bimod e>Se 

which maps M to eMe. This functor commutes with tensor products T{M ®s N) = T{M) ® e s e where 
e{m®s n)e I— > erne ® e s e ene is the natural isomorphism. The same holds for duals and direct sums. This implies that 
T{T S V) = eT s Ve = T eSe eVe and if we have an 5-sub-bimodule M C T S V we also have that T(M) C T(T S V) 
and T{{M)) = {T{M)). This gives us an isomorphism between T e s e eVe/ {eMe) and eT s V/ (M)e which is Morita 
equivalent to T S V/(M). 

Note that if we have a left 5-module morphism between two bimodules / : V\ — ► V2 we can consider this as an 
element in the bimodule V{ ® s V 2 . The map T{f) can be identified with e/e e F{V? ® s V 2 ) = .F(Vi)* ® J 7 ^). 
In the case of superpotentials we get M = ImA^ and T{M) = J"(ImA^) = ImeA^e but 

A£ : ® x 1— > so eA^e : e</»e <X> exe 1— » [e^ewexe] 

and hence eA^e = A^ e . □ 

3. McKay correspondence and potentials 

Let G be any finite group, and let V be an arbitrary finite dimensional representation. We can look at the tensor 
algebra TcV* and the ring of polynomial functions on V: C[V]. This last ring can be seen as the n — 2™ d -derived 
algebra coming from the superpotential: 

where x\. ..x n form a basis for V*. Indeed for every path p = x il . . . x in _ 2 we get that d p oj is zero if some of the 
Xi... are identical and otherwise it is equal to the commutator between the two basis elements that do not occur in p. 
We conclude 

C[V] SD( w ,n-2). 

If R is a ring with G acting as automorphisms we can construct the smash product Rj^G. As a vector space this 
ring is isomorphic to R ®c CG and the product is given by 

(ri ® 51) • (r 2 ® g 2 ) = n{gi ■ r 2 ) ® 3152- 

For the tensor algebra TF* we can rewrite the smash product as a tensor algebra over the group algebra CG. Let 
us define U = V* ®c CG. The CG-bimodule action on it is given by 

g(v ® x)h := gv ® 5^/1. 

It is easy to see that for every fc we have 

(T c y*#G) fc = V*® c ---®cV* ® c CG 

S (V* ® c CG) ® CG • • • ® CG (V* ® c CG) = (Tcc^)fc. 

The special bimodule action on U makes the identifications also compatible with the product, so that TcV*jj=G = 
TcgU. So the smash of the tensor algebra is again a tensor algebra but now over the semisimple algebra CG. This 
algebra is isomorphic to 

(J) Matdim St X dim S, (C) , 

Si 

where we sum over all simple representations of G. The standard traces of this matrix algebras provide us a trace on 
CG. 
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Lemma 3.1. If R = TcV* /(M) where M is a vector space of relations which is invariant under the G-action on 
T C V* then 

R#G^T CG U/{M® C CG). 

Proof. If M is a G-invariant vector space in TcV* then M ®c CG can be considered as a CG-subbimodule of 
T C V*#G. This means that if i < T C V* is a G-invariant ideal then i ® c CG is an ideal of T C V*#G. Moreover if 
i = (M) with M a G-invariant subspace of TcV* then i ® CG = (M ®c CG). So 

T CG (T/* C CG) _ gbn ®c CG _ T C V* _ 

<M® C CG) " <M)® C CG -^®cCG-i?#G. □ 

Suppose J? = C[V] with its action of G. Now = A n V* is a one-dimensional G-representation. This means 
that A n V* <g>c CG is a bimodule of the form CG T where r(.g) = (det g)g and hence the element w <g) C 1 is a twisted 
weak potential. It is easy to check that 

(ImA£) ® CG = Im((A£) ® id CG ) - Im(A^ 81) ). 

Furthermore we see that the r changes the blocks in CG coming from simple representations Si and A"F* (g> Si, 
therefore it is easy to find an e = ^ e « sucn tnat eT = T - Also Tr(ej) = 1 just as we want it to be for a path algebra. 

Finally the twisted weak potential is a superpotential because the original u is, and the property of being a super- 
potential is preserved by taking w to ui ®c 1. 

We deduce the following main result: 

Theorem 3.2. The algebra C[F]#G is a derivation-quotient algebra of order n — 2 with a (twisted if G <£_ SL n ) 
superpotential of degree n. The same is true for the corresponding Morita equivalent path algebra with relations. 

How do we work out the potential in terms of paths in the path algebra? If G is a finite group acting on V then 
the quiver underlying e(C[F]#G)e is called the McKay quiver. Its vertices are in one to one correspondence to the 
simple representations 5", of G. We can consider the as minimal idempotents sitting in CG such that e = ^ a and 
Si = CGe t . The trace function on CG then allows us to identify CG* with CG as CG-bimodules: CG -» CG* : 
g i ► Tr(g ■ — ). Therefore S* is isomorphic to e^CG as a right module. 

The number of arrows from ej to ej is equal to the dimension of 

e,V* ® CGe, = Hom CG (CGe 3 , (V* ® CG)e,) = Hom CG (Sj, (V* ® S l )). 

This means that we can (and do) identify each arrow a : a — > ej with a certain intertwiner morphism i[) a : Sh( a ) — * 
V*®S t{a) . 

The set of arrows gives a basis of these intertwiner maps and we have a dual basis a*, which can be interpreted as 
a collection of maps 

: S t{a) -> V<E)S h(a) , 

using the natural pairing between Homc G (Sj, (V* ® S*i)) and Homc G (Si, (V <g> <Sj))- 

If we have a nontrivial twist, r, we make sure that the basis we choose for the arrows is closed under the twist. We 
can do this by tensoring the ?/>-maps with the representation A n V^: 

tp a r = l A „y ®c Ipa-r ■ 1a«V ®C S h{a) -> V"* ® C 1 A »V ® S t (a)- 

The composition of two arrows afe gives rise to a composition 



and 



^ ^* ® %)=*(») idv, ^g V* ® F* ® S t(o6) 



?t(ob) — — — >■ V" ® s h{a)=t{b) idv ^"l V ®v ® s h{ab) 



In this way we can assign to every path p of length k a map ^ p : SVp) — > V"®* 1 ® S t r p ) and a map : S t r p ) — > 

For every fc < n we have an antisymmetrizer: a fc := F®' — > A fe F : v\ ® • • • ® i— > Ui A • • • A Vk- If p is a path 
of length n consider the map 

S t{p) > V® k ® S h(p) ° ^ ldSM > ) A"y ® S h(p) . 



The first factor in the image is a one-dimensional G-representation which we can denote by defy. Taking the tensor 
product with dcty induces a permutation on the simple representations and hence on the vertices of the McKay quiver: 

ei = r(ej) S ei = S ej ® det v - 

By Schur's lemma (a™ ® ids ft(p) )Vv is zero if T (h(p)) t(P) an d e l se it i s a scaiar ; m both cases we denote it by 

c p e C. 

These scalars allow us to write down an explicit form of the superpotential. The weak potential ui ® 1 in Tcg(X* ® 
CG) acts as a linear function on (CG* ® T/)® CG " = F®" ® CG: (w ® l)(v ® a;) = Tr(w(V)x). But, because 
co e A"F*, we see that o>(u) = a n (t)). Hence, if we apply ip p *, we get (u> ® l)(V>p») = c p dim Because the 
Morita equivalence between CG and eCGe is compatible with taking the dual, we see that 

e(oj ® l)e = e(w ® l)e(V> p *)P = (c p dim h(p))p := $ 

|p|=n |p|=" 

and so C[F]#G is Morita equivalent to 

T eSe eUe ^ CQ 

(Im(A„_ 2 e(w ® l)e)> (d q $ : q is path of length n - 2) ' 

4. Corollaries and Remarks 

In this section we show how the main result of the last section recovers several known results in the literature. In 
particular we show that for a finite subgroup of SL(2, C), we recover the preprojective algebra; for a finite small sub- 
group of GL(2, C) we recover the mesh relations; and for a finite subgroup of SL(3, C) we recover the superpotential 
in Ginzburg [17]. Furthermore if the group is abelian in GL(n, C) we can also recover the toric result. 

Recall our convention that when referring to quivers, xy means y followed by x. 

We start with the toric case: suppose G is a finite abelian subgroup of GL(n, C). Being abelian we may choose 
a basis ei, . . . , e n of V that diagonalizes the action of G and thus we get n characters p\, . . . ,p n defined by setting 
pi(g) to be the i th diagonal element of g. It is clear that ei is a basis for the representation pi. 

In what follows it is convenient to suppress tensor product signs as much as possible, so we write pijp for pi®pj®p. 
In this notation detv = Pi, Denote the set of irreducible representations by Irr(G). 

Corollary 4.1 ([1]). Let G be a finite abelian subgroup ofGL(n, C). Then the McKay quiver is the directed graph 
with a vertex for each irreducible representation p and an arrow 

Pip—^p 

for all 1 < i < n and p £ Irr(G). Furthermore, the path algebra of the McKay quiver modulo the relations 

{x p .x p ^ p = x p xf p : p e Irr(G), l<i,j<n} 
is isomorphic to the skew group ring C[V]#G. 

Proof. The first statement regarding the McKay quiver is trivial since V = p\ © . . . © p n . Furthermore since G is 
abelian the idempotent e in §3 is the identity and so we really are describing the skew group ring up to isomorphism, 
not just Morita equivalence. 

For the relations, we build a potential as follows: first recall we have a basis ei, . . . , e„ of V (from which e, is a 
basis for each pi). Since the pi generate the group of characters this gives a basis for every representation. Now if we 
view the map x P as an intertwiner pi® p — * V ® p it is clear that it can be represented as simply ej ® v p i— » a ® v p 
where v p is the basis element of p. 

This means that if a path p : detv ® p — > p of length n contains two x's with the same subscript then c p = 0. 
Consequently, for any given p e Irr(G), the only non-zero contributions to the potential from paths detv ® P — ► P of 
length n come from 

M2),-,<>-(r0" /"(3) »W _P 

a ( 1 ) <t(2) <j(ti) 

det V ® P > P<r(2),...,a(n)P a- Pa(3),...,a(n)P s- >■ P<r(n)P >■ P 

where a e ©„. Thus for each p e Irr{G) we obtain a contribution to the potential 
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Adding these contributions one obtains the potential $ = ^2 pe j rr ^ & P - It is easy to see that differentiating $ with 
respect to paths of length n — 2 give the required relations. □ 

As another corollary to Theorem 3.2 we have 

Corollary 4.2 (Reiten-Van den Bergh [19]). Suppose G is a finite subgroup ofGL(2, C) without pseudoreflections. 
Then the relations on the McKay quiver which give a Morita equivalence with C[x,y]#G are precisely the mesh 
relations from AR theory on C[[x, y]] G and the superpotential is exactly the sum of all mesh relations. 

In particular for a finite subgroup o/SL(2, C), the preprojective algebra of the corresponding extended Dynkin 
diagram is Morita equivalent to C[x, y]#G. 

Proof. We will work out the proof in the completed case and then go back by taking the associated graded ring. Denote 
by R = C[[x, y]] the ring of formal power series in two variables and consider the Koszul complex over R 

> R ® det v ^ R ® V >- R ^ C > . 

We know this comes from a superpotential. We proved that the algebra obtained by smashing with a group G also 
comes from a (possibly twisted) superpotential, so 

>- R ® det v ® CG >- R ® V ® CG >■ R ® CG ^ CG >- 

(which is the minimal projective resolution of the i?#G module CG) arises from a superpotential, i.e. the relations on 
i?#G can be read off from the fact that the composition of the first two maps is zero. 

For convenience label the members of Irr(G) by <ro, 0i, . . . , a n where er corresponds to the trivial representation. 
Since CG = ® « =o(T ®* m ( '<) tne a b ove exact sequence decomposes into 

®?= ( — > R ® cfeiy ®CT l ^i?®V r ®CT J ^i?®cr l ^cr J ^0 

so really the relations on i?#G can be read off from the fact that the composition of the first two maps in each summand 
is zero. But now [26] [10.9] 

proji?#G ss €MR G 
M >-> M G 

is an equivalence of categories, where proji?#G is the category of finitely generated projective i?#G modules, and 
C9Jli? G is the category of maximal Cohen-Macaulay modules for R G . Thus taking G-invariants of the above exact 
sequence, the relations on i?#G can be read off from the fact that the composition of the first two maps in each 
summand of 

e£=<>( -* (R ® det v ® a 4 ) G ® ^ ® a,) 6 ® a,) G <rf ^ )®* m ( ff ') 

is zero. It is clear that af = for i ^ whilst ct g = C. But now by [26][10.13] for i ^ the summands above 
are precisely the AR short exact sequences, and for i — the sequence has the appropriate AR property. Thus the 
relations on eR#Ge are precisely the mesh relations. 

Because the mesh relations are graded and taking the associated graded is compatible with the Morita equivalence 
we can conclude that the relations of eC[x, y]#Ge are also given by the mesh relations and the superpotential will be 
the sum of all mesh relations. □ 

Because we work with superpotentials there is a redundancy in the coefficients of the potential: 

Lemma 4.3. Chose a basis for the arrows in CQ = e(Xc V j^G)e that is closed under the application of the twist r. 
Then the coefficients of e{u ® l)e = 2~Z| p |=n c pP have the following property: if p = pi . . .p n is a path of length n 
then 

C pi ...p n = (—1) C pl,PlP2---Pn~l 

Proof. This follows immediately from Theorem 3.2 and the discussion in subsection 2.3. □ 

Note that if G < SL(n, C), the twist is trivial so we can work with any basis for the arrows. In this case, not only 
does the above lemma simplify the calculation of the c p , but it also tells us that we can write our superpotential up to 
cyclic permutation. This generalizes a result of Ginzburg [17] for SL(3, C). 

Note that care has to be taken when translating between our fully written superpotentials and the more compact 
versions in terms of cyclic notation. For example if u is a non-trivial path of length 1 which forms a cycle at some 
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vertex, then if in our potential we have c u ... u u . . .u (where there are n € 2N + 1 u's) then in cyclic notation this should 
be written as Cu n u (u . . . u) since the cycle counts the element n times. 

The superpotential highly depends on the representatives we chose for the arrows in Q. From the point of view of 
the quiver we have an action of 

Aut CQo CQ= H GL{i{CQ) l3 ). 

on the space (CQ) n and all potentials that give an isomorphic derivation-quotient algebra are in the same orbit. An 
interesting open question is whether there one can always find a nice representative for the superpotential. 



5. Examples of McKay Correspondence Superpotentials 

In this section we illustrate Theorem 3.2 by computing examples. We first illustrate that our theorem does not 
depend on whether or not G has pseudoreflections by computing an example of a non-abelian group G < GL(2, C) 
where C 2 /G is smooth: 

Example 5.1. Consider the dihedral group D$ = (g,h : g 4 = h 2 = 1, h~ 1 gh = <7 _1 ) viewed inside GL(2, C) as 

It is clear that the invariant ring is C[xy, x 4 + y 4 ] and so is smooth. Denoting the natural representation by V, the 
character table for this group is 





1 


9 2 


9 


h 


gh 


V 


1 


1 


1 


1 


1 


Vi 


1 


1 


1 


-1 


-1 


v 2 


1 


1 


-1 


1 


-1 


v 3 


1 


1 


-1 


-1 


1 


V 


2 


-2 












and so the McKay quiver has the shape 

V 3 




We shall show that the algebra Morita equivalent to the skew group ring is: 



Da = Cb = 
Ad = Be = 
aA + dD = bB + cC 



Note that r(a) = d, r{d) = a, t(A) = D, t(D) = A and likewise with the c's and D's. Notice also that there are 5 
relations, which coincides with the number of paths of length (i.e. the number of vertices). We now check that the 
relations guessed above are correct: 
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Take the following G-equivariant basis: 



V $ 




= C(v <g> ei) + C(v <E> e 2 ) 


(V~ 




Vxd 


-i)V 


= C(ui®-ei)+C(ui®e 2 ) 


(V~ 




V 2 d 


$v 


= C(u 2 <g> e 2 ) + C(t; 2 ® ei) 


(V~ 


B) 


V 3 i 




= C{v 3 <g> -e 2 ) + CO3 <g> ei) 


(V~ 


C) 


Vi 




= C (ei ® e 2 + e 2 ei) 


(v - 


a) 






+ C (-ei <g> e 2 + e 2 <g> ei) 




d) 






+ C(ei O ei +e 2 (gie 2 ) 


(y 2 ^ 


b) 






+ C(-ei(g)ei +e 2 ®e 2 ) 


(V 3 - 


c) 



Since the determinant representation is Vi , if we consider paths of length 2 ending at a given vertex p, the only possible 
ones with non-zero c p must start at p <g> V\. Consequently our search for non-zero c p restricts to the following cases: 



start vertex 


isomorphism 


end vertex 


Vi = Vo C 


$Vi 


ui i-> vo <2 


) Ui 


Vo 


V <* Vi C 


3 Vi 


w i-> «1 <g 


) Ui 


Vi 


V3 = ^2 c 


$Vi 


«3 !-> W 2 € 


) Vi 


v 2 


V 2 - V3 C 


3 Vi 


W 2 1 > U3 (J 


) Ui 


v 3 




>Vi 


d 1 ^ ei < 




V 




e 2 1 ^ e 2 ( 


8 «i 





With this information the intertwiners are easy to compute: for example 

d 



v®v v ®v®v 



Vb®Vi 



takes 



and so CAd 



v\ 1 ^ — ei <g> e 2 + e 2 <g> ei i-> — «o ® &\ ® e 2 + w ® e 2 ® ei — 2u — 2«i 

-2. Continuing in this fashion our potential (after dividing through by 2) is 

-Da + aA - Ad + dD + Cb - bB + Be - cC 

which in compact form may be written as -(Da) T + (Cb) T . Since n — 2 = we don't differentiate and so these are 
precisely the relations, thus we obtain the relations guessed above. 

Remark 5.2. Taking a different G-equivariant basis may lead to a potential which is not invariant under twisted cyclic 
permutation. 

Remark 5.3. In the above example if we change h slightly and so our group is now the binary dihedral group D 3;2 
generated by 



£4 








1 

-1 



inside SL(2, C), then although the character table and so shape of the McKay quiver is the same, the relations differ. 
Indeed, by Lemma 4.2 the relations are now the preprojective relations. This can also be verified directly by choosing 
an appropriate G-equivariant basis. 

We now illustrate Lemma 4.2 with an example of a finite small subgroup of GL(2, C): 

Example 5.4. Take G = D 5 , 2 , i.e. the group inside GL(2, C) generated by 

: i 



G=( 



£4 



£4 

e 4 
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£ 6 
£ 6 



The McKay quiver is 



Po • det v Po 




where the trivial, determinant and natural representations are illustrated, and the ends of the two sides are identified. 
Note that the permutation r induced by tensoring with the determinant representation rotates this picture to the left, 
and so the fact that the permutation coincides with the AR translate is implicit. The mesh relations are 



x a 


= 


Vobo 


= 


ZqCq 


= 


Xidi 


= 


yih 


= 


Z\C\ 


= 


X 2 a 2 


= 


2/2^2 


= 


Z2C2 


= 


x 3 a 3 


= 


2/3^3 


= 


Z 3 C 3 


= 



b x + hxi + b 2 x 2 + b 3 x 3 = 
coVo + ciyi + c 2 y 2 + c 3 y 3 = 
a z + a 1 z 1 + a 2 z 2 + a 3 z 3 = 



and so we have 15 relations, matching the number of paths of length (i.e. the number of vertices). 



Example 5.5. Take G — j (1, 2, 4) k (t), i.e. the group inside SL(3, C) generated by 



(e 0\ /0 1 0\ 
G = ( e 2 0,0 1 ) 
\0 e 4 J \l 0/ 



where e 7 = 1. The McKay quiver is 




11 



Denote the basis of L; t by U for 1 < i < 3, the basis V by e\, e 2 , e 3 and the basis of V 3 by ji,j 2 ,j 3 - Taking the 
following G-equivariant basis: 



L 


<g> V 


= C(l <g> ei) + C(Z <8> e 2 ) + C(7 ® e 3 ) 


/T 7" 


~ a) 


Li 


<g> V 


= C(Zi ® pei) + C(h ® p e 2 ) + C(/i ® e 3 ) 


/T 7" 


~ b) 


L 2 


® V 


= C(l 2 ® p 2 ei) + C(Z 2 ® pe 2 ) + C(Z 2 O e 3 ) 


' 


-c) 


V 




= C(e 3 <g> e 3 ) + C(ei ® ei) + C(e 2 ® e 2 ) 


' 


-u) 






+ C(ei ® e 2 ) + C(e 2 <g> e 3 ) + C(e 3 <g> ei) 


(V 3 








+ C(e 2 ® ei) + C(e 3 ® e 2 ) + C(ei ® e 3 ) 


(V 3 


~y) 


v 3 




= C (ji <g> e 3 + j 2 ® ei + J 3 ® e 2 ) 


(Lo 








+ C (ji ® p 2 e 3 + j 2 <g> pei + j 3 ® e 2 ) 


(Li 


~B) 






+ C (ji <g> pe 3 + j 2 ® p 2 ei + j 3 <g> e 2 ) 


(L 2 


~C) 






+ C(j 2 ® e 2 ) + C(j 3 O e 3 ) + C(ji ® ei) 


(Vr 


~z) 






+ C(j 2 ® e 3 ) + C(j 3 O ei) + C(ji ® e 2 ) 


(v 3 





a calculation shows that the superpotential can be written as 



O a(x — y)A + — py)B + c(.t — p 2 y)C — zux + t> zy + 



1 

—uuu 
o 



—vvv 



where p is a cube root of unity. Differentiating with respect to the paths of length 3 — 2=1 gives the relations 



d A 
d B 
dc 
d a 
d b 
d c 
d x 

8y 

d u 
d v 



ax 
bx - 



ay 
pby 



cx = p 2 cy 
xA = yA 
xB = pyB 
X C = p 2 yC 
Aa + Bb + Cc = zu 
Aa + pBb + p 2 Cb = v. 
xz = u 2 
zy = v 2 



Example 5.6. As in Example 5.1 consider the group D$, but now acting on the representation V @V . Since D$ is 
generated inside V by pseudoreflections it follows that inside V V it is generated by symplectic reflections, thus in 
this case C[V © V]#G is the undeformed symplectic reflection algebra. The McKay quiver is now 




The superpotential is given in compact form by 



(kaka) 
(AcCa) 
-(jicCa) 
(D6Sd) 
(ScCb) 



— (Aaka) 
(Aiu4a) 
(DdDd) 

-(DbBd) 
(BbSb) 



-2(AdDa) 
(AdDa) 
-(DdDd) 
-(DcCd) 
(BcCb) 



(AdDa) 
(Adda) 
— (DbBd) 
(DcCi) 
(BcCb) 



(AdDa) 
-2(AdDa) 

(DbBd) 
(B6B6) 
-2(ScCb) 



(AbBa) 
-(A6Sa) 

(DcCd) 
-(BbBd) 
CcCc) 



-(AbBa) 
(AbBa) 
-(DcCd) 
-2(BcCb) 
-(CcCc) 



-(AcCa) 
(AcCa) 
(DdDd) 
(BcCb) 
(CcCc) 
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where recall since we are inside SL(4, C) a negative sign is introduced with cyclic permutation. Differentiating appro- 
priately gives the relations 

Da = Ad = Cb = Be = 

Da = Ad = Cb = Be = 

Da — —Da Aa — As. Ca — Ca Ba — Ba 

Db = Db Ab = Ab Cb = -Cb Bb = Bb 

Dc — Dc Ac — Ac Cc — Cc Be — —Be 

Dd = Dd Ad = -Ad Cd = Cd Bd = Bd 

aA + bB = cC + dD 
aA + bB = cC + dD 
aA + 6B = aA + bB = cC + dD = cC + dD = E 
where E = A (aA + 6B + cC + dD) = A (aA + bB + cC + dD) 

The calculations involving this example were done using a computer program written in GAP [16]. The source code 
of this program can be downloaded at 

http : / /www . algebra . ua . ac . be/research/mckay . gap. 

6. KOSZUL ALGEBRAS 

Thus far, we have explained that, for G < GL(V), C{V]#G, and hence the quiver algebras Morita equivalent to it, 
are twisted Calabi-Yau and derived from a twisted superpotential (in the case G < SL(V), we may remove the word 
"twisted"). Here we explain that this is part of a more general phenomenon: any Koszul, (twisted) Calabi-Yau algebra 
is of the form T>(ui,k). This was proved in [15] for algebras over a field, so our result generalizes this to the quiver 
case. We also prove a converse: any algebra of the form A — T>(u, k) is Koszul and (twisted) Calabi-Yau iff a natural 
complex attached to uj is a bimodule resolution of A. 

Recall that a graded algebra is Koszul if all the maps in its bimodule resolution have degree 1. This is clearly 
invariant under a Morita equivalence A <~ e Ae, using the functor described in Section 2. Then, McKay correspondence 
algebras are Koszul, by the following well-known lemma: 

Lemma 6.1. IfG C SL(V) ^ SL„ then C[V]#G is n-CY and Koszul. 

Proof. The standard Koszul bimodule resolution for C[V] gives a self-dual resolution of C[V], so C[V] is n-CY. The 
k th term of this resolution JC' is C[V] ®c /\ k V* ®c C[V] and it is isomorphic to the (n — k) th dual term because of 
the pairing 

A k V* x A n - k V* -y C : (v u v 2 ) -» a <^=> fa A fa = ax x A • • • A x n . 
Because G C SL(V) this pairing is a pairing of left CG-modules. 

Now we smash the whole resolution over C with CG. This tensor functor is exact so we get a new resolution. This 
is now self-dual as C[V r ]#G-bimodules over the base ring C[G] (i.e., as (C[V]#G) ® C [G] (C[y]#G)-modules). The 
Koszul property follows from the fact that smashing preserves the grading. □ 

In order to formulate our main theorem, we need to introduce a natural complex W* attached to any superpotential 
ui, for A = T>(u, k) (which may be viewed as a bimodule version of [15, (5.3)]). For simplicity, we will assume for 
now that \uj\ = k + 2, so that A is quadratic. 

Recall the spaces Wi defined just above Definition 2.1. Consider the complex 

(6.1) W := -» A ® W\ u \ ® A d ^ A ® W W \-i ®A^ > A® W x ® A^ A® W a ® A -» 0, 

where, for vi, . . . , Vi £ W and a, a' G A, 

di = £j(split L + (-iysp\\t H )\ A ® Wi ® A , 
split L (a ® v±V2 ■ ■ ■ Vi ® a') = av\ ® v 2 ■ ■ ■ i>i ® a', 
splitjj(a ® V1V2 ■ ■ ■ Vi ® a ) — a ® vi ■ ■ ■ <X> Uja , 

f(-l) i (l^|- < ), ifi<(|w| + l)/2, 
ll, otherwise. 

It is easy to check that the above yields a complex, i.e., di o d i+ i = 0. Moreover, the terms, aside from A itself, are 
projective bimodules, and the maps are A-bimodule maps. We will see that it is exact iff A is Koszul and Calabi-Yau. 
More precisely, we will prove: 

Theorem 6.2. An algebra TgWj (R) is Koszul and Calabi-Yau iff it is of the form T>(u>,k) and the corresponding 
complex (6.1) is exact in positive degree and H°(W') = A. In this case, (6.1) is the Koszul resolution of A, and is 
self-dual. 
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Remark 6.3. The condition that W* is a resolution of A is very subtle and hard to check for a given potential. In the 
one vertex case it is shown in [14, 15] that this implies some special regularity conditions on u. 

We begin with the 

Lemma 6.4. For any superpotential u>, the complex (6.1) is self-dual. 

Proof. First, note that u) induces perfect pairings 

(,) = Wfci-i ® C, (Cry) := [(£ ® r?)o;], 

satisfying the supersymmetry property, 

(C,r?) = (-l)Hlfl< >7) 0. 
This yields an isomorphism 77 : Wi, and hence a duality pairing of bimodules 

( , ) : (A <g> Wj <g> A) ® (A(g> <g> A) -> A® A, (a <g x<g a',6<g yig &') := a ' & ® fa -1 ^)*/] ® 6'a. 

This explains why the terms in the above complex are in duality. 

It remains to check that the differentials satisfy the self-duality property: di — It suffices to show 

that split i | J 4(giH / i (8iA is identified with e»E| w |_»split^j|A<8>w* )| _ i i8>/i under the above duality. That is, if we denote by 
( , ) _1 : Wi ® — » C the inverse to the pairing ( , ), then for all x € Wi,y € Wj u ,| + i_ i , we need to check that 

(l®y®l, split L (l <g> a; <g> 1)) = e 4 £ M _ t (split fl (l <g> y <g> 1), 1 <g> a; <g> 1). 

This amounts to checking that, for all £ e W* = VK*, we have 

where ( , ) _1 denotes the inverse pairing to ( , ), i.e., 

(u^y 1 := {r,-\u),r j -\w))=e i e H - i [ur,- 1 {w)] = 
Thus, we have to check that 

By associativity identities and the definition of 77, the left-hand side is [(r]~ 1 (x)®^)y], which is equal to l) l ^~ l>> 

{(_l)*(l<"|-0 if i < (Iwl + l)/2, 
' yields the desired self-duality. □ 
1, otherwise 

Lemma 6.5. The complex (6.1) is a subcomplex of the Koszul complex for T>(w, \u\ — 2). 

Proof. The Koszul complex can be defined as follows. If A = T$W '/ (R) where R is an S'-subbimodule of W ® W, 
then we denote by i?- 1 the submodule of W* ® W* that annihilates R. The Koszul dual of A is A ! := T 5 14 7 */(-R ± > 
and it is again a graded algebra. For each k we have a projection W*® k — ► Aj., and, dually, this gives us injections 
(Ajj.)* — » W® fe . The Koszul complex JC* is defined by the maps d : A® (A k )* ® A ^> A® (A^)* ® A which are 
constructed analogously to the maps in (6.1). To prove the lemma we only have to show that Wu C (A ] k )* . 

What does (A[)* look like? Because A[ = VK*® fc /(Ez w *® 1 ® R± ® VF*^-'" 2 ) one has that tu E (A[)* if and 
only if (to, <j>) = for all e (£, <g> i?- 1 <g> ^*® fc -'- 2 ). This is the same as to say that 



w e p| w® 1 ® r ® w m ~ i - 2 = p| w® 1 ® w 2 ® w® k - 



1-2 



We conclude immediately that Wk C (A k )*. □ 

Remark 6.6. According to theorem 5.4 in [6], the pairing between the Wk can be extended to a pairing between the 
(A' k )*, but this pairing is not necessarily perfect. Only in the AS-Gorenstein (Koszul twisted Calabi-Yau) case this 
pairing becomes perfect because then (A ] k )* and Wk coincide. 



Proof of Theorem 6.2. If (6.1) is a resolution of A then since all of the differentials have degree +1 with respect to the 
grading of A, this would imply (by one definition of Koszulity) that A is Koszul, and that (6.1) is a Koszul resolution 
of A (more generally, for any graded algebra, any free bimodule resolution of A with differentials of positive degree 
must be minimal and unique). Then, by Lemma 6.4, A is Calabi-Yau as well. 

Conversely, suppose that A is CY(n) and Koszul. Using the CY(n) property, [8, Theorem A. 5. 2] shows that there 
is a trace function Tr : Ext^(5, S) — > C such that 

(6.2) Tr(a * /?) = (-l) k< - n - k hi((3 * a), a g Ext fe (S*, S),0€ Ext"- fc (S*, S) 

induces a perfect pairing, where * denotes the Yoneda cup product. Using the Koszul property, we may identify 
Ext n (5*, S) with a quotient of (W*)® n , so that a trace function becomes canonically an element lo e W® 71 . Then, 

(6.2) says precisely that lo is a superpotential. 

By nondegeneracy, the trace pairing induces an isomorphism Ext 2 (S, S) = Ext" _2 (S', S)*. Furthermore, Ext 2 (S, S) = 
R, so this isomorphism translates into the statement that W2 = R. Thus, A = T>(w, n — 2). 

Moreover, for the same reason, Ext 4 (5, S) = Wi for all i, and hence (6.1) must be exact. Thus it is the mini- 
mal=Koszul resolution of A. □ 

Remark 6.7. This theorem is a generalization of Theorem 3.2 (at least in the nontwisted case): to obtain Theorem 3.2, 
we combine Theorem 6.2 and Lemma 6.1. 

Finally, we explain briefly how to generalize to iV-Koszul and twisted Calabi-Yau algebras. First, for the twisted 
Calabi-Yau and twisted superpotential setting, all that changes is that the twisted superpotential property proves a 
twisted self-duality in Lemma 6.4, and conversely in the proof of Theorem 6.2. 

Next, for the 7V-Koszul setting, first recall [4] that an JV-Koszul algebra is an algebra A presented by homogeneous 
relations of degree N so that there is a free resolution of A with differentials of degrees alternating between N — 1 
and 1: 

► A®Y 2 ®A?3,A®Y 1 ®A^A®A™A^>0, 

where di has degree 1 if i is odd, and N — 1 if i is even. 

In the 7V-Koszul setting, it is natural to define iV-complexes of bimodules instead of complexes [5]. These are 

sequences of maps /Q — > /Cj_i such that d N = (instead of d 2 ). As in the ordinary Koszul case one can define a 
selfdual bimodule A r -complex 

(6.3) W := -» A ® W\ u \ ® A^ A® W H _i ®A^ > A®W X ® A^ A(g>W ® A -» 0, 

where di — £j(split £ + (qysp\\t R )\A®Wi®A, and q is the primitive N l h root of 1. This ^-complex is a subcomplex 
of the Koszul A^-complex as defined in [6]. 

The A^-complexes can be contracted to obtain complexes. In the case of our selfdual A^-complex we get 
(6.4) 

-> A®W mN +i®A -> A®W m N®A -> A®W (m - 1)N+1 ®A -» > A®W N ®A -> A®Wi®A -» A®W ®A -> 0, 

where the differentials alternate between ±(split^ r_1 +split^ r_2 split fl .+- • •+split i split^ _2 +split^ _1 ) and±(split L — 
splits). This is not selfdual anymore unless we are in the case that \ui\ — mN + 1 for some m g 7Y. 
The A^-Koszul generalization of theorem 6.2 becomes 

Theorem 6.8. An algebra TsW/(R) is N-Koszul and twisted Calabi-Yau iff it is of the form T>{oj, k) for a twisted su- 
perpotential lo (with the same twisting) and the corresponding complex (6.4) is exact in positive degree and H°(W) = 
A. In this case, (6.4) is the N -Koszul resolution of A and is twisted self-dual. 

The proof of the theorem uses basically the same arguments as in the proof of theorem 6.2 but adapted to the 
A^-Koszul situation in accordance with the result from [4] and [6]. 

7. SKLYANIN ALGEBRAS 

In this section we show how to compute the superpotential for the four-dimensional Sklyanin algebras as introduced 
by Sklyanin in [20, 21]. These algebras may be thought of as "elliptic deformations" of the polynomial algebra in four 
variables, and they are in particular Koszul and have the same Hilbert series ^l t y as the polynomial ring. 

15 



Following [23], §0, fix values a, (3, and 7 satisfying 1 

(7.1) a + l3 + -/ + a(3j = 0. 
Then, the algebra A is defined by 

A := C(x ,xi,x 2 ,x 3 )/I, 
where I is the two-sided ideal generated by the relations n, Si, 2 

r x := x X! - x x x Q - a(x 2 x 3 + x 3 x 2 ), s 1 := x Xi + x x x a - (x 2 x 3 - x 3 x 2 ), 
r 2 := x x 2 - x 2 x - (3{x 3 Xi + XiX 3 ), s 2 := x x 2 + x 2 x - {x 3 x x - X1X3), 
r 3 := x x 3 - x 3 x - "f{xix 2 + x 2 Xi), s 3 := x x 3 + x 3 x - (xix 2 - x 2 X\). 

We would like to find a superpotential for A. This must be a supercyclic element of I which is homogeneous of 
degree four. It is easy to compute that, under the assumption 

(7.2) (a,/3, 7 ) i {(a, -1, 1), {1,(3, -1), (-1, 1, 7 )}, 
the space of such elements is one-dimensional and spanned by the following element: 

(7.3) CJ := Ki{r 1 s 1 + sin) + K 2 (r 2 s 2 + s 2 r 2 ) + K 3 (r 3 s 3 + s 3 r 3 ), 

where (m, k 2 , k 3 ) ^ (0, 0, 0) is determined up to a nonzero multiple by 

(7.4) /c 1 (l + a) = /t 3 (l-7), «i(l-a) = «2(l+j9), k 2 (1 - /?) = k 3 (1 + 7). 

Proposition 7.1. The element w is a superpotential. Moreover, for any a, (3, 7 satisfying (7.2), A = T>(u, 2), and in 
this case, the resolution (6.1) is a self-dual resolution of A, making A Calabi-Yau. 

Proof. It is easy to verify that w is a superpotential (in fact, it makes sense and is cyclically supersymmetric even 
if (7.2) is not satisfied). Next, suppose (7.2) holds. Then, k\,k 2 , and n 3 are nonzero. Since the elements r i: Sj are 
linearly independent, it follows that A = T>(u, 2). 

To deduce that (6.1) is a resolution of A, we make use of the 

Theorem 7.2. [23] Assuming (7.2), A is Koszul. Moreover, H(A ] ,t) = (1 + t) 4 . 

In the above theorem, H (V, t) denotes the Hilbert series of a graded vector space V, i.e., H (V, t) = J2 m >o V(m)t m . 
The hard part of the above theorem is the Koszulity. 

Now, by Lemma 6.5 and the formula for the Koszul complex (see the proof of Lemma 6.5), it suffices only to show 
that dim Wi = (") for all i. For i = 2, this follows from the above observations; then, it follows by applying partial 
derivatives to the relations rj , Sj that this is true for i = 1. Since i = is obvious, we get dim Wi = (™) for all i by 
the self-duality of W*. Thus, A is Calabi-Yau with self-dual resolution W*. □ 

Remark 7.3. It is also easy to derive that A is Calabi-Yau directly from [23]: in particular, in [23] it is shown that A 1 
is Frobenius, one may easily show that A' is in fact symmetric. Our contribution here is in producing a superpotential 
and showing that the minimal (Koszul) resolution of A is produced in this way. 

7.0.1. Modified Sklyanin algebras from [25]. In [25], some new algebras related to the above are defined and shown 
to be Koszul, and have the same Hilbert series nl t -\t as the polynomial ring in four variables. Here, we explain that 
these algebras are not Calabi-Yau, but rather twisted Calabi-Yau, with twisted superpotential described below. We 
omit the proofs, which are the same as for the Sklyanin algebra. Following [25], let us assume in this subsection that 

{". v.-} {0.1. i| 0. 

Heuristically, these algebras are "elliptic deformations" of the algebra C(xo, x\, x 2 , x 3 ) / (— Xq+x1+x 2 +x 3 , XiXj — 
x j x i I {hj} {2, 3}) in the same way that the Sklyanin algebras are deformations of C[x , x 1, x 2 , x 3 ]. 

Precisely, the relations are given by using any five of the relations n, Sj, and replacing the sixth with the new 
relation q := diQi + d 2 Q 2 , where 

<-> 2,2,2,2 r-i 2,^^ a 2,^-^ a 2 

fti := -x + x x + x 2 + x 3 , n 2 := x t + -x 2 + — — x 3 . 

1 — p 1+7 



In the original form [20, 21], see also e.g. [18, 22], not all values a, /3, 7 satisfying this equation are considered — only those that arise from an 
elliptic curve and a point of that curve. By, e.g., [23], these are the values where (7.2) holds and a, /3, 7 7^ 0; cf. Theorem 7.4. 
2 Our notation r t is for the relation involving x^Xi — XiXo, and Sj is the relation involving x^Xi + XiXQ. 
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We obtain the algebra A' = C(xo, x±,X2, x%) /I' , where /' is the ideal generated by q and five of the r,, Sj. (The geo- 
metric motivation for studying A' is that it and the Sklyanin algebra A both surject to the same ring B := A/ fi 2 ) 
of geometric origin.) 

First, suppose that the relations are q, r 2 ,r3, s\, s 2 , S3 (so r\ is not a relation). We claim that A is twisted Calabi- 
Yau with twisting <r(x ) = —x , cr(xi) — —X\,a(x2) — x 2 ,<j(x 3 ) — x 3 , and with unique twisted superpotential (up 
to scaling) given by 

X 1 (qs 1 + siq) + A 2 (r 2 r 3 - r 3 r 2 ) + A 3 (s 2 s 3 - s 3 s 2 ), 
with (Ai : A 2 : A3) e P 2 determined by 

d 2 \i = A 2 (/3 7 + 1), diAi = -A 2 + A 3 , 

provided that any nonzero solution to the above has all of Ai, A 2 , A3 nonzero, i.e., (di, d 2 ) is not a multiple of (1,0) 
or (1, -1-07). 

Next, suppose that the relations are q, n, r 2 , r 3 , s 2 , s 3 (so si is not a relation). Then, ^4 is twisted Calabi-Yau with 
the same twisting as above, and the unique superpotential (up to scaling) is given by 

Xi(qri + riq) + A 2 (r 2 s 3 - s 3 r 2 ) + A 3 (s 2 r 3 - r 3 s 2 ), 
with (Ai : A 2 : A3) e P 2 determined by 

ad\\\ = A 2 — A 3 , a(d\ + d 2 )Ai = [3X 2 + 7 A 3 , 

again provided all of A 1; A 2 , A 3 can be nonzero (i.e., (di,d 2 ) is not a multiple of (1, /3 — 1) or (1, — 1 — 7)). Any other 
A' can be obtained from this or the previous paragraph by a cyclic permutation of the parameters and relations. 

Finally, in [25], also the algebra A'^ = C(xo, x\, X2, £3}/(r 2 , s 2 , r 3 , S3, Oi, 2 ) is studied, and shown to be Koszul 
and have the same Hilbert series as the polynomial ring in four variables (just as in all the other examples). We claim 
that this algebra is twisted Calabi-Yau with twisting a(xi) = —xi for all i. In other words, the twisted superpotential 
u> (which is unique up to scaling) is actually cyclically symmetric. We omit the formula for the twisted superpotential. 

7.1. McKay correspondence for four-dimensional Sklyanin algebras. It makes sense to think of the potential (7.3) 
as a deformed version of the volume form in the case of the polynomial algebra in four variables: precisely, by §6, the 
potential for a Koszul Calabi-Yau algebra always spans the top Hochschild homology group (here, HH^A, A)) as a 
free bimodule (cf. [15, Proposition 10]). As explained in op. cit., there is an action of the finite Heisenberg group on 
A by automorphisms. 3 In fact, the full automorphism group preserving (7.3) is finite: 

Theorem 7.4. [24, §2] Assume that a, /3, 7 7^ and (7.2) holds. Then, the group of graded automorphisms of A 
(C kut(V)) is isomorphic to H, 

(7.5) 1 -» C x -> H -> (Z/4 0Z/4) -» 1, 

except in the case a — (3 = 7 = ±V~ 3, when the group has the form H k Z/3. 

By the explicit matrices given in [24, §2] (see also the end of §7.3), one may easily compute that the H above has the 
formH ^ (C x x (X,Y))/([X,Y\ = V^T), by picking lifts X, Y of generators of the quotient H/C x = Z/4®Z/4. 

Notation. We call the subgroup of Aut(V) preserving u € V m the automorphism group of u>, and denote it by 
Aut(w). 

The only elements of C x that act trivially on V® 4 are fourth roots of unity. As a result, the automorphism group 
of the superpotential ui will be finite, of size only 64. It turns out this is one of the "Z/4-Heisenberg groups," which 
we describe as follows. Let X, Y e H be elements as in the previous paragraph, chosen to have the property X 4 = 
Y 4 = —1. Then, H is the group generated by X and Y. It is a central extension 

(7.6) l->/j 4 ->ff-»Z/4 9Z/4->l, 

where /14 C C x is the subgroup of elements of order four. A presentation for H is given by 

(7.7) H = (X,Y,Z \ XZ = ZX,YZ = ZY, Z 4 = l,X 4 = Y 4 = Z 2 , [X,Y] = Z). 
We deduce the following: 



'Note that the analogue of SL(4) in this context is a quantum version of SL(4) associated to an elliptic _R-matrix; see e.g. [20, 21, 18, 9, 10]. 
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Proposition 7.5. For any a, f3, 7 as in Theorem 7.4, Aut(w) 
group is H xi Z/3, where Z/3 acts nontrivially on H. 



H, unless a = (3 = 7 = ±y/^3, in which case this 



As a consequence, we see that, under the assumptions of Theorem 7.4, lo (g> 1 <E A#H is still a superpotential, 
and hence also gives a superpotential for any Morita equivalent algebra to A#H. Letting /1 , . . . , / m be a full set of 
primitive idempotents (one for each irreducible representation of H), and / := /1 + . . . + / m > we then nave 

Proposition 7.6. The algebra f(A#H)f is Calabi-Yau. For any subgroup G < H, f'(A#G)f is twisted Calabi- 
Yau, where /' is the sum of a full set of primitive idempotents for G. 

These algebras may be considered the elliptic McKay correspondence algebras in dimension four, and f(A#H)f 
is the maximal Calabi-Yau one, in the sense that H is maximal (and so the McKay quiver is also the largest possible). 

7.2. The case a = 0. The theorem 7.4 did not apply to the case that one of a, (3, 7 is zero. Since we only need (7.2) 
to obtain a Calabi-Yau algebra and a potential, it is worth proving the analogue of Theorem 7.4 in the degenerate cases 
(a, (3, 7) e {(0, (3, —(3), (a, 0, —a), (a, —a, 0), (0, 0, 0)} (and we will use this in the next subsection). By symmetry, 
we restrict ourselves to the case a = 0. 

It is likely that this result is known, but we did not find it in the literature. We remark that, in [23, §1], it is shown 
that these degenerate cases are iterated Ore extensions. 



Theorem 7.7. (i) Assume (a,f3,j) 

by C x , the group 50(2, C) acting on Span{x2, x 3 }, i.e., 
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V 












1/ 



(i 






(0, (3, — /3) with (3^0. Then, the graded automorphism group of A is generated 
/l 0\ 
10 
a b 
\0 -6 a J 



a 2 + b 2 = 1 >, and the elements 








where i denotes a square-root of—1. 



(ii) If a = (3 = 7 = 0, then the automorphism group is C x • SO(3, C), with SO(3, C) the automorphism group of 



Spanjxi, X2, X3} together with its standard symmetric bilinear form (x{, Xj 



12- 

Proof, (i) The vector r\ — xq A x\ must be preserved up to scalar by any automorphism, so the span of xq, x\ is 
preserved; then the only element of Sym 2 Span{x , x{\ in the symmetrization of the relations is a^i + X\x§. Hence, 
any automorphism must send (xo,x\) to (AzoiM^i) or ^xi,\x . Up to the automorphism x 1— > \/]3x\,Xi ^ 
-^x ,x 2 1— > Xi, X3 1 — ► £3 and scaling, we may assume that our automorphism ip satisfies ip(x ) — Xx , ip(X\) = 

A _1 a;i. Since then xo^i + x±xq is preserved, looking at s\, we see that X2X3 — X3X2 is preserved, and hence the span 
of X2 , X3 is preserved. 

Next, note that the relations project isomorphically to A 2 V. Let [x, y] :— xy — yx denote the commutator and 
{x,y} := xy + yx the anticommutator. We have ipfo) = [Ax , ^(^2)] — f {^(^3)7 ^l}- If we write Avp(x2) = 
ax2 + bx 3 , then we must have ?A(r 2 ) = ar 2 + brs. This implies that, restricted to Span{x 2 , x 3 }, -0 must have the form 

aX 



(7.8) 



Applying the same reasoning to ^(^3)^ we deduce furthermore that A 4 = 1. This yields the claimed description. 

(ii) Let R be the vector space spanned by the relations. In the case a — (3 = 7 = 0, the intersection A 2 V n R 
is Spanjxo} A V, and hence any automorphism ip must send xq to a multiple of itself. Up to scaling, let us assume 
that tp(xo) = xq. Then, the fact that the relations project isomorphically to A 2 V yields a canonical isomorphism 
A 2 V^/(A 2 T^ni?) Spanjxi, X2, x^}, sending w e A 2 V to the unique element v such that w— (xov+vxo) e R. This 
must be preserved by any automorphism. Hence, U := Span{a;i, X2, £3} is preserved, and the map may be written as 
an isomorphism A 2 U ^> U. Preserving this map in particular means that two vectors which are perpendicular under 
the standard form (xi, xf) = Sij remain perpendicular, so that ip, restricted to U, must lie in C x SO(U). However, any 
diagonal matrix must preserve s\ and hence must be the identity, so that ip e SO{U). Hence the automorphism group 
of A (now acting on all of V) lies in C x SO(U). On the other hand, it is clear that this group acts by automorphisms 
on A. □ 
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Corollary 7.8. The automorphism group of the potential Aut(w) is generated by the elements listed in the theorem, 
except that C x is replaced by the group fi4 C C x of fourth roots of unity. 

As a consequence, we may again consider AjpG for any finite subgroup G C Aut(w), which will be a Calabi-Yau 
algebra, and in the case G C Aut(A) but not Aut(w), we get a twisted Calabi-Yau algebra. As before, one may 
consider the Morita equivalent algebras and write down their potentials. 

7.3. Moduli space of four-dimensional Sklyanin algebras. In this subsection we will use the theory of the Weil 
representation over Z/4 and the preceding results to give a simple computation of the moduli space of Sklyanin 
algebras in dimension four. Throughout, when we say "isomorphism" or "automorphism" of Sklyanin algebras, we 
mean a graded isomorphism or automorphism. 

First, we note that, given any (a, (3, 7), the algebras associated to this triple and any cyclic permutation are isomor- 
phic: the permutation lonio^i^^^^^ x\ sends the relations for (a, (3, 7) to the relations for (7, a, (3). 
Similarly, the map x 1— > xq,x\ ^ x 2 ,x 2 1— ► — x\,x^ x 3 sends the relations for (a, /3, 7) to the relations for 
(-/?, -a, -7). 

Hence, if we consider the @ 3 action on the surface S given by a + f3 + 7 + a(3j = 0, given by multiplying the 
standard permutation action by the sign representation, we get a map 

(7.9) S/& 3 -» {Isomorphism classes of four-dimensional Sklyanin algebras}. 

Theorem 7.9. The map (7.9) is a bijection. 

The rest of the subsection will be devoted to the proof of the theorem. The main case of the theorem concerns 
those parameters satisfying the conditions of Theorem 7.4, and we will prove the result by finding a description of the 
moduli space of potentials in terms of the Heisenberg and Weil representations. 

Remark 7.10. Note that, in the locus of elements satisfying Theorem 7.4, the ©3 action is free except at the two points 
a = (3 = 7 = ±V~ 3. Here, these two points form a two-element orbit, and the isotropy Z/3 is picked up by the 
automorphism group at these points (cf. Theorem 7.4). 

First, let us handle the degenerate cases when one of a, (3, 7 is zero. Suppose only one is zero, and without loss of 
generality, say it is a. Then (a, (3, 7) = (0, (3, —f3). Note that, in this case, the automorphism group of A is independent 
of the value of (3. In particular, any ip : V V inducing an isomorphism A A' with A' of the same form must 
normalize the connected component of the identity of the common automorphism group, i.e., C x -50(2). Since ip must 
therefore preserve the trivial weight spaces of 5*0(2) and either preserve or interchange the nontrivial weight spaces, 
ip must have the form ip = ip' ip" , where ip' = Vlspan{x ,xi} and "0" = V , |span{x 2 ,x 3 }» and V>" G 0(Span{x 2 , x 3 } 

(the orthogonal group). Up to an automorphism of A, we may assume that ip" = ^ ^ }, with e G {1, —1}. By 

the same argument as in the proof of Theorem 7.7, we must have that ip' is either diagonal or strictly off-diagonal, and 

using the automorphism ^_|_^/^ 0^) ' W6 m ^ assume ^' * s diagonal, sa Y V'' = ■ Using that the relations 

for A and A' both contain S\, s 2 , S3, it follows that p,\ = e, fj, = A, and ji = eX. Put together, this says that e = 1 
and p, = A = ±1. This is already an automorphism of A, so ip e Aut(A). That is, A and A' already had the same 
relations. So (7.9) is injective when restricted to parameters (a, (3, 7) with exactly one parameter equal to zero. 

In the case a = (3 = 7 = 0, it is clear that no other triple (a, (3, 7) yields an isomorphic algebra. 

We didn't restrict ourselves to the Calabi-Yau condition (7.2), so let us also explain the contrary cases. First assume 
(a, (3, 7) = (a, —1, 1) with a ^ ±1. Call R the span of the relations. We quickly compute the automorphism group 
of A as follows. We see that R contains the rank- two tensors 

(7.10) X0X2+X1X3, X2XQ — XZX1, X0X3 — X\X2, X$XQ+X 2 Xl. 

Set U := Spanjxo, £1} and U' := Span{x2, X3}. Then, the rank-two tensors form a union of an open subvariety 
of R fl (U ® U') and an open subvariety of R n (V <g> U). Thus, any automorphism of A must either preserve or 
interchange U and U'. Moreover, equip U and U' each with their standard symmetric bilinear forms. We see that, 
given nonzero vectors wi, w 2 £ U, the subspace of relations {wiw[ — w 2 w' 2 | w[, w 2 € U'} n R is two-dimensional 
iff (wi,w 2 ) = 0. Hence, any automorphism of A which preserves U, U' must also preserve their standard symmetric 
bilinear forms. Thus, Aut(A) must be a subgroup of (C x SO(U))® (C x SO(U')) x Z/2, where 1 e Z/2 interchanges 
U and V, e.g., it may be the element xo x 2 xq, x\ \/~^\xz 1— > x\. We claim that the automorphism group is 
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C x (SO(U) © SO(U')) x Z/2. To prove this it suffices to show that any automorphism of A in C x C x is diagonal, 
i.e., if ^ e Aut(A) has the property that ip\u and ip\' v are scalar, then the two scalars are equal. Such an element must 
preserve the relation s\, which implies the needed result. 

This yields the statement of the theorem for the case (a, [3, 7) = (a, — 1, 1) with a 7^ ±1: although we have only 
computed the automorphism group of A, any intertwiner ip : V A- V which sends A to some other A' with parameters 
(a! , — 1, 1) must also be of the above form, since nothing depended on a (except that a 7^ ±1 so that our statements 
about rank- two tensors are accurate). 

The case where a, (3, 7 £ {±1} is trivial since all of these cases are under the same orbit of ©3 (and they can- 
not be equivalent to any other example because their relations have the largest subvarieties of rank-two tensors, or 
alternatively, because we show in all other examples that this case is not equivalent). 

Thus, we have reduced the theorem to the nondegenerate case when a, (3, and 7 are all nonzero and (7.2) is satisfied. 
We will not make further mention of this assumption. 

Recall the Heisenberg group H = Aut(w) from the previous section. We will need the Stone-von Neumann 
theorem in our context (we omit the proof, which is easy): 

Lemma 7.11. (Stone-von Neumann theorem.) There is a unique irreducible representation of H which sends ele- 
ments C € m to the corresponding scalar matrix Q ■ id. 

Call this the Heisenberg representation. Note that our given representation V of H is of this form. 

Notation. Let Aut(iJ, ^4) denote the subgroup of the automorphism group of H which acts trivially on the center 
P4 < H. Similarly, let \nn(H, p^) = \nn(H) be the inner automorphisms, and Out(iJ, ^4) be Aut(if, /14) modulo 
inner automorphisms. 

We know that a Sklyanin algebra is specified by a potential u e y® 4 , up to a scalar multiple. Now, let us fix 
one such algebra Ao with potential luq. Then, V naturally has the structure of the unique irreducible Heisenberg 
representation of Lemma 7.11, given by any fixed isomorphism H = Aut(wo) C Aut(V). Let po : H — > Aut(F) be 
such a representation. 

So, we have fixed the data (Ao, ojq, Po)- Now, given any other algebra A with potential u e V® 4 , it is equipped 
with a Heisenberg representation p : H — ► kut(V) which is unique up to precomposition with an element of 
Au\(H, p±). By Lemma 7.11 and Schur's Lemma, there must be a unique up to scalar intertwiner ip : V — > V 
such that %l)p (h)^~ 1 = p(g) for all h <G H. Hence, we obtain the vector ^^(u) e V® 4 . This vector is uniquely 
determined by (A, oj, p) up to scaling. 

If we had picked a different potential uj, this could also only affect the vector ip" 1 (w) by scaling. 

If, instead of p, we had chosen p' = p o <p for some element <j> € Aut(iJ, /14), then instead of tp" 1 ^) € V® 4 , 
we would have obtained tp^ 1 tp~ 1 (oj), where rpT 1 : V A V is any intertwiner (unique up to scaling) between p and 
po o cp, i.e., such that iptPoityip^ 1 = po(</>(h)). 

Note that, by Lemma 7. 11, we have a projective representation Aut(H, ^4) — > PGL(V® 4 ). Thus, we have obtained 
a map from Sklyanin algebras to FV® 4 / Aut(H , ^4). In fact, we can do better: since u is fixed by the action of p(H), 
i/i _1 (w ) is fixed by the action of po{H), and this is the same as the action of \nn(H, p^) on P]/® 4 . Hence, letting 
U c V® 4 be the subspace of fixed vectors under po{H), we have a projective representation of Out(H, p 4 ) on U, and 
have a map 

(7.1 1) Four-dimensional Sklyanin algebras — ► PU/Out(H, /14). 

Furthermore, suppose we have (A, u, p) as above, and another Sklyanin algebra A' = A, together with an isomorphism 
9 : V A V carrying the relations of A to the relations of A'. We may pick u>' = 9(uo) as our potential for A', and 
p' := 6p6~ l as our Heisenberg representation H — ► Aut(w'). Thus, using the intertwiner ip' = o ip, we see 
that the image of A and A' under (7.1 1) is the same. Conversely, if we are given (A, u, p), (A' , u', p'),ip, ip' such 
that ip^ 1 ^) — (ip')^ 1 ^'), then ip' o ip~ x : V A V is an isomorphism carrying uo to u)', and hence induces an 
isomorphism between (the relations of) A and A'. 

We thus obtain a canonical map (having fixed just A and p ): 

(7.12) Isomorphism classes of four-dimensional Sklanin algebras PU/Out(H, /14). 

Next, we will describe the image of this map. Also, the reader will probably recognize that Out(_ff, p±) = SI_2(Z/4) 
and its action on PJ7 is a version of the Weil representation, which we will explain. 
Let us define U := (Z/4)® 2 and think of this as a free rank-two Z/4-module. 
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Lemma 7.12. The outer automorphism group Out(H, p 4 ) of H fixing its center is SL 2 (Z/4). We have the exact 
sequence 

(7.13) 1 -» Aut(i2> 4 ) -> SL 2 (Z/4) -» 1. 

Here, Aut(_ff, ^4) denotes the automorphism group of i? which acts trivially on the center Note that the size of 
SL 2 (Z/4) is 48. 

Proof. It is clear that the inner automorphism group is H/ p 4 = U. This acts by characters U — > ^4, fixing the center. 
Furthermore, the action of the outer automorphism group on fixing the center descends to an action on H/Z = U, 
and this action must preserve commutators since [H, H] C Z. If we consider x A y 1— > [x, y] for x,y E U = H/Z 
to be a volume form, then we obtain an embedding Out(_ff, /X4) <^-> SL 2 (Z/4). We have to show this is surjective. If 
X, Y are lifts of generators of U to H, they have order 8, and it follows that the same is true for X a Y b whenever at 
least one of a, b is odd. As a result, we see that, for any two elements X', Y' e H such that [X' , Y'] — the map 
X 1 ► X', Y Y' must yield an automorphism of H fixing ^4. □ 

As a consequence, the action of 0ut(7J, ^4) on FU is a projective representation of SL 2 (Z/4), which we will call 
the Weil representation on U. 

Let 1S0 C iS be the subset of tuples satisfying the assumptions of Theorem 7.4. Next, we will describe explicitly the 
map Sq — > PU /SL 2 (Z/4) and show that its kernel is ©3. More precisely, we show that this map factors as follows. 
Let K C SL 2 (Z/4) be the kernel of the canonical surjection SL 2 (Z/4) ^> SL 2 (Z/2) (note that K (Z/2) x3 ). Then, 
we prove the following 

Claim 1. The map (a, (3, 7) 1— > u> given by (7.3) factors as follows: 

(7.14) S ^YU/K -»PEVSL 2 (Z/4). 

Moreover, using a natural isomorphism ©3 = SL 2 (Z/2), the action of ©3 on 5 is identified with the action of 

SL 2 (Z/2) on PC//(Z/2) x3 . 

The theorem follows immediately from the claim. 

To prove the claim, we recall from [24, §2] explicit formulas for po(X), po(Y). Let Oq, 61,62, 63 G C x be numbers 
such that 

,0o0i n 2 n ,6 9 2 , 2 ,9 9 3 , 2 



(7.15) 



a /CoC2\2 /»0»3v 



7 2 C3 (71(73 (71(72 

(The numbers ^ are in fact Jacobi's four theta-functions associated with an elliptic curve valued at a point of that 
curve, which may be used to give a geometric definition of A . We will not need this fact.) Fix i = \f^l £ C. We 
have: 



(7.16) 
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(7.17) 
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Then, if (a, (3, 7) e <So, for any choice of 6' , 6' 1 ,6' 2 ,6' 3 satisfying the version of (7.15) for (a, (5, 7), we may define the 
representation p using (7.16) with primed thetas. It is easy to see that an intertwiner ip carrying po to p is given by 

(o /e' {) \ 

6>i/6>i 
9 2 /9 2 
V 6 3 /6'J 

As a consequence, we obtain a vector ■i/'" 1 (w) in U. However, the construction involved a choice of the 9j, so it is not 
yet well-defined. First, nothing is affected by multiplying all the 6'j by the same scalar, since everything only involves 
ratios of the same number of the thetas. So let us assume that 9' Q = 1. Any other choice of 9' 1 ,9' 2 ,9' 3 must differ by a 
transformation 



(7.18) 
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where £; e p 4 , and £i£2£3 = ±1- First of all, in the case that ej G {±1} for all j and £i£2£3 = 1, then the matrix 
(I 0\ 

o ^ ^ n i s already in po{H) (and p(-ff), so it will not affect ip" 1 ^). Factoring the group of £-matrices 
u u £2 u 

\o £ 3 y 

(7.18) by this subgroup leaves a group isomorphic to (Z/2) x3 . Conjugating p by the action of this group is easily 
verified to send p a to p a o K, where K C SL 2 (Z/4) = 0ut(i7) is the kernel of SL 2 (Z/4) -» SL 2 (Z/2). After all, 
given any h e H, the elements i fe /9o(fr^ 2 ^ 2m ) f° r k,£,m e Z are exactly those that differ from /i by a diagonal 
matrix. Hence, we obtain a well-defined map from tuples (a, (3, 7) e So to FU/K. 

We claim that the resulting map <S>o — > FU/K is injective. To see this, note that, since is diagonal, we may 
recover a from ip~ (00) as follows: Write as a linear combination of terms of the form 

(7.19) [xi,Xj]{x k ,xe}, [xi,Xj]{x k ,xe}, {xi,Xj}[x k ,xt\, {xi,Xj}{x k ,x t }, 

where, as before, {x, y} := xy + yx is the anticommutator. We see that 

^ Coefficient in ip' 1 ^) of {x , x 1 }{x 2 , x 3 } _ ^ 

Coefficient in ip^ 1 ^) of [x , xi][x 2 ,x 3 ] 

This does not depend on rescaling u. Similarly, we may recover (3, 7 from ip^ 1 (u). This proves injectivity. 

It remains only to show that the action of SI_2(Z/2) is identified with the action given in the theorem of ©3 under 
an isomorphism SL 2 (Z/2) = ©3. Since ©3 clearly acts by automorphisms and faithfully so except at two points, 
this must be true, but we give a direct argument. The intertwining action Aut(_ff, ^4) — > PGL(V) is easily seen to 
be given by matrices which are products of diagonal matrices with permutation matrices (just like all the formulas 
above). 

Thus, we have a map P : Aut(_ff, ^4) — > ©4 given by modding by diagonal matrices. On the other hand, we 
see that p(X 2 ), p(Y 2 ) are diagonal matrices, so that P\\ nri (H) descends to a map Q : (Z/2 x Z/2) — > ©4 under 
the quotient \nn(H) = (Z/4 x Z/4) ^> (Z/2 x Z/2). This map Q is an isomorphism onto the normal subgroup 
{{ab)(cd)} = (Z/2 x Z/2) C ©4, as is clear from (7.16). 

As a result, the map P itself descends to a map P : SI_2(Z/2) — > ©4/(Z/2 x Z/2) = ©3. This is the isomorphism 
sending an element of SI-2(Z/2) to the permutation induced on the three nonzero elements of Z/2 x Z/2: after all, 
for (j) G SL 2 (Z/2) and w e Z/2 x Z/2, we have Q((f>(w)) = P((f>)Q(w). This completes the proof. 



References 

1 . A. Craw, D. Maclagan and R. R. Thomas, Moduli of McKay quiver representations. II: Grobner basis techniques, J. Algebra 316, (2007) no. 2, 
514-535. 

2. M. Artin and W. Schelter, Graded algebras of global dimension 3, Adv. Math. 66 (1987), 171-216. 

3. P. S. Aspinwall and L. M. Fidkowski, Superpotentials for quiver gauge theories, hep-th/050 604 1. 

4. R. Berger, Koszulity for nonquadratic algebras, J. Algebra 239 (2001), no. 2, 705-734. 

5. R. Berger, M. Dubois-Violette and M. Wambst, Homogeneous algebras, J. Algebra 261 (2003), 172-185. 

6. R. Berger and N. Marconnet, Koszul and Gorenstein properties for homogeneous algebras, Algebras and Representation theory, 9 (2006), 
67-97. 

7. R. Berger and R. Taillefer, Poincare-Birkhoff-Witt Deformations of Calabi-Yau Algebras, J. Noncommut. Geom., 1 (2007), 241-270. 

8. R. Bocklandt, Graded Calabi Yau algebras of dimension 3, J. Pure Appl. Algebra 212 (2008), no. 1, 14-32. 

9. A. Connes and M. Dubois-Violette, Noncommutative finite-dimensional manifolds. I Spherical manifolds and related examples, Commun. 
Math. Phys., 230 (2002), 539-579. 

10. A. Connes and M. Dubois-Violette, Noncommutative finite-dimensional manifolds. II Moduli space and structure of noncommutative 3-spheres, 
arXiv:math/0511337 (2005). 

11. R. Coquereaux, R.; Trinchero, On quantum symmetries of ADE graphs, hep-th/0401140. 

12. W. Crawley-Boevey, Dmv lectures on representations of quivers, preprojective algebras and deformations of quotient singularities, 
http : / /www . maths . leeds . ac . uk/ "pmtwc/dmvlecs . pdf . 

13. W. Crawley-Boevey and M. P. Holland, Noncommutative deformations ofKleinian singularities, Duke Math. J. 92 (1998), no. 3, 605-635. 

14. M. Dubois-Violette, Graded algebras and multilinear forms, C. R. Acad. Sci. Paris, Ser. I, 341 (2005) 719-725. 

15. M. Dubois-Violette, Multilinear forms and graded algebras, J. Algebra 317 (2007), no. 1, 198-225; arXiv:math/0604279. 

16. The GAP Group, GAP - Groups, Algorithms, and Programming, Version 4.4.10, 2007. 

17. V. Ginzburg, Calabi-Yau algebras, math/ 612 1 3 9. 

18. A. V. Odesskii and B. L. Feigin, Sklyanin's elliptic algebras, Funktsional. Anal, i Prilozhen. 23 (1989), no. 3, 45-54, 96. 

19. I. Reiten and M. Van den Bergh, Two-dimensional tame and maximal orders of finite representation type., Mem. Amer. Math. Soc. 408 (1989), 
vii+72pp. 

22 



20. E. K. Sklyanin, Some algebraic structures connected with the Yang-Baxter equation, Funktsional. Anal, i Prilozhen. 16 (1982), no. 4, 22-34. 

21. , Some algebraic structures connected with the Yang-Baxter equation. Representations of a quantum algebra, Funktsional. Anal, i 

Prilozhen. 17 (1983), no. 4, 34-^18. 

22. S. P. Smith, The four-dimensional Sklyanin algebras, Proceedings of Conference on Algebraic Geometry and Ring Theory in honor of Michael 
Artin, Part I (Antwerp, 1992), vol. 8, 1994, pp. 65-80. 

23. S. P. Smith and J. T. Stafford, Regularity of the four-dimensional Sklyanin algebra, Compositio Math. 83 (1992), no. 3, 259-289. 

24. S. P. Smith and J. M. Staniszkis, Irreducible representations of the A-dimensional Sklyanin algebra at points of infinite order, J. Algebra 160 
(1993), 57-86. 

25. J. T. Stafford, Regularity of algebras related to the Sklyanin algebra, Trans. AMS 341 (1994), no. 2, 895-916. 

26. Y. Yoshino, Cohen-Macaulay modules over Cohen-Macaulay rings, LMS Lecture Note Series 146 (1990), 177pp. 

RAF BOCKLANDT, UNIVERSITY OF ANTWERP, MlDDELHEIMLAAN 1, B-2020 ANTWERPEN (BELGIUM) 
E-mail address: raf ael . bocklanclt@ua . ac . be 

Travis Schedler, Department of Mathematics, 5734 S University Ave, Chicago, IL 60637 
E-mail address: trasched@math . uchicago . edu 

Michael Wemyss, Department of Mathematics, University Walk, Bristol BS8 1TW (UK) 
E-mail address: M . Wemyss @bristol .ac.uk 



23 



